A NOTE ON MOTIVIC INTEGRATION IN MIXED 
CHARACTERISTIC 



JOHANNES NICAISE AND JULIEN SEBAG 



Abstract. We introduce a quotient of the Grothendieck ring of varieties by 
identifying classes of universally homeomorphic varieties. We show that the 
standard realization morphisms factor through this quotient, and we argue 
that it is the correct value ring for the theory of motivic integration on formal 
schemes and rigid varieties in mixed characteristic. 

The present note is an excerpt of a detailed survey paper which will be 
published in the proceedings of the conference "Motivic integration and its 
interactions with model theory and non-archimedean geometry" (ICMS, 2008). 



1. Introduction 

The Grothendieck ring KQ{Varp) of varieties over a field F arises naturally as 
the universal ring of additive and multiplicative invariants of such varieties. Taking 
the class of a variety in the Grothendieck ring is the most general way to "measure 
the size" of the variety. In recent years, the Grothendieck ring of varieties has 
received much attention, because of its role as value ring in several theories of 
motivic integration. 

In spite of this renewed interest, many basic questions on the structure of the 
Grothendieck ring remain unanswered. The main difficulty is that it may be very 
hard to decide whether two given varieties have distinct classes in the Grothendieck 
ring. The central question in this context is the one raised by Larsen and Lunts in 

m 1-2]. 

Question 1.1 (Larsen-Lunts). Let F be a field, and let X and Y be F -varieties such 
that [X] = [Y] in Ko^Varp)- Is it true that X and Y are piecewise isomorphic, i.e., 
that we can find an integer n > 0, subvarieties Xi, . . . , Xn of X and subvarieties 
Yi, . . . ,Yn ofY such that Xi is F -isomorphic to Yi for every i in {1, ... ,n}? 



This question has been answered affirmatively in certain cases [4]|12j. but it 
remains open in general. In the present note, we raise a different question. 

Question 1.2. Let F be a field of characteristic p > 0. If X and Y are F -varieties 
such that there exists a universal homeomorphism of F- schemes Y X, is it true 
that [X] = [Y] in KoiVarp)? 

It seems reasonable to expect that Question ll.2l has a negative answer, in general. 
In characteristic zero, universally homeomorphic varieties are piecewise isomorphic 
(Proposition 13. ip . In positive characteristic. Question 11.21 is in some sense 
orthogonal to Question II. H since there are examples of universally homeomorphic 
_F-varieties that are not piecewise isomorphic. The most basic example is the 
following: assume that F is imperfect, and let F' be a non-trivial finite purely 
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inseparable extension of F. Then the morphism Speci^' Speci^ is a universal 
homeomorphism. We do not know if [Speci^'] — [SpecF] in KQiVarp)- 

For every field F, we introduce a quotient KQ{VarF) of the Grothendieck ring of 
i^- varieties by identifying classes of universally homeomorphic varieties (Definition 
13. 2p . We call this quotient the modified Grothendieck ring of F- varieties. If F has 
characteristic zero, then the projection morphism 

KoiVarp) ^ KoiVarp) 

is an isomorphism (Proposition 13. 3| ). In any characteristic, there exists a canonical 
isomorphism 

KoiVarp) K^{ACFf) 
to the Grothendieck ring of the theory ACFp of algebraically closed fields over 
F (Proposition 13. 7p . We show that the standard realization morphisms of the 
Grothendieck ring of varieties (etale realization, Poincare polynomial,. . .) factor 
through the modified Grothendieck ring K^){Varp) (Proposition 14. I|) . In fact, 
this is what makes Question 11.21 hard to answer: we cannot use the standard 
realization morphisms to distinguish classes of universally homeomorphic varieties 
in the Grothendieck ring. 

In Section [5l we fill a gap in the proof of the change of variables theorem for 
motivic integrals on formal schemes in mixed characteristic (TT] 8.0.5]. To this 
aim, it is necessary to replace the Grothendieck ring of varieties by the modified 
version introduced in Definition 13. 21 We emphasize that this correction only affects 
the theory of motivic integration in mixed characteristic; in equal characteristic 
p > 0, the results in [ill 8.0.5] are valid as stated. The modification is harmless for 
the applications of the theory, because the standard realization morphisms factor 
through the modified Grothendieck ring. In Sections 15.21 and 15.31 we give a list of 
changes that should be made to the literature. 

The present note is an excerpt of a detailed survey paper, which will be published 
in the proceedings of the conference "Motivic integration and its interactions with 
model theory and non-archimedean geometry" (ICMS, 2008). 

Acknowledgements. The idea of identifying classes of universally homeomorphic 
varieties in the Grothendieck ring has been suggested to us by A. Chambert-Loir. 
We are very grateful to him for this suggestion, and for many helpful discussions. 

Notations. We denote by {■)red the functor from the category of schemes to the 
category of reduced schemes that maps a scheme X to its maximal reduced closed 
subscheme Xred- If 5' is a Noetherian scheme, then an ^-variety is a reduced 
separated 5-scheme of finite type. 

2. The Grothendieck ring of varieties 

Let 5* be a Noetherian scheme. For the definition of the Grothendieck ring of 
S'- varieties KQ{Vars) and its localization M.s, we refer to [3 2.1]. We recall some 
of the main realization morphisms. For details, the reader may consult [71 §2.1]. 

Point counting. If is a finite field, then there exists a unique ring morphism 

tt : KoiVarp) ^ Z 
that maps [X] to the cardinality of the set X{F) for every F- variety X. 
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Euler characteristic. If is a field, and i a prime invertible in F , then there exists 
a unique ring morphism 

Xtop : KoiVarp) Z 
that maps [X] to the €-adic Euler characteristic of X for every F- variety X. It 
localizes to a ring morphism 

Xtop ■ Mf Z 
These morphisms are independent of £. 

Galois realization. Let F be a field, and £ a prime invertible in F. We fix a 
separable closure F'^ of F. We denote by Gf the absolute Galois group of F, 
and by KQ^RepopQ^i) the Grothendieck ring of £-adic Galois representations of F. 
There exists a unique ring morphism 

Gal : KQiVarp) ^ Ko{RepG^Qi) 

that maps [X] to 

2-dim(X) 

i-mKiX XFF-',Qe)] eKoiRepoM) 

i=0 

for every F- variety X. It localizes to a ring morphism 

Gal : Mf ^ KoiRepG^Qe) 

Etale realization. Let £ be a prime, and S a Noetlierian Z[l/i']-scheme. There exists 
a unique ring morphism 

et : Ko{yars) ^ K^{Dl{S,^t)) 

that maps [X] to the class of R{gx)\Qt for every S'-variety X, where we denote by 
gx : X —>■ S the structural morphism. It localizes to a ring morphism 

et : Ms Ko{Dl{S,Qi)) 

Poincare realization. Let 5 be a Noetherian scheme. The Poincare realization 

Ps:Ko{Vars)^C{S,Z[T]) 

is defined in [71 8.12]. The target C{S,'Z[T]) is the ring of constructible functions 
on S with values in Z[T] [7, § 8.3]. 

3. The modified Grothendieck ring 

3.1. Trivializing universal homeomorphisms. Recall that a morphism of 
schemes 

is called a universal homeomorphism if for every morphism of schemes Y' Y, the 
morphism 

fy -.XxyY' ^Y' 

obtained from / by base change is a homeomorphism [I, 2.4.2]. This property 
is obviously stable under base change. If / is of finite presentation, then / is 
a universal homeomorphism iff / is finite, surjective, and purely inseparable [51 
8.11.6]. We call two schemes X and Y universally homeomorphic if there exists a 
universal homeomorphism from X to y or from Y to X . If 5 is a scheme and X 
and Y are S'-schemes, then we call X and Y universally S-homeomorphic if there 
exists a universal homeomorphism of S'-schemes X — > F or F — > X. 
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Proposition 3.1. If f : X Y is a universal homeomorphism of finite type 
between Noetherian Q-schemes, then there exists a finite partition {Yi, . . . ,Yr} 
of Y into locally closed subsets, such that, if we endow Yi with its reduced 
induces structure, the morphism {X Xy Yi)red Yi is an isomorphism for each 
i e {l,...,r}. 

Proof. Since fred ■ Xred ~^ Yred IS Still a Universal homeomorphism [U 2.4.3(vi)], we 
may assmxie that X and Y are reduced. By Noetherian induction, it is enough to 
find a non-empty open subscheme U oiY such that X XyU — > J7 is an isomorphism. 
In particular, we may assume that Y is irreducible. Then X is irreducible, because 
it is homeomorphic toY. If we denote by rjy the generic point of Y , then its inverse 
image in X consists of a unique point rjx, which is the generic point of X. The 
residue field K{r]x) is a purely inseparable extension of the residue field K{riy) of rjy. 
Since these fields have characteristic zero, we see that / induces an isomorphism 
K.{rjx) — i^ivv), so that the restriction of / to some dense open subset of X is an 
open immersion. This concludes the proof. □ 

Definition 3.2. Let S be a Noetherian scheme. We denote by I'ii^ the ideal 
in KoiVars) generated by elements of the form [X] — \Y\, where X and Y are 
universally S -homeomorphic separated S -schemes of finite type. We put 

KoiVars) = KoiVars) /If 

and we call this quotient the modified Grothendieck ring of S-varieties. 

For every separated S -scheme of finite type Z , we denote by iZ) the image of 
[Z] in KoiVars) . We put L5 = i^s)' '^'^'^ '^^ denote by A^™°'' the localization of 
KoiVars) with respect to L5. 

The dimensional completion A4'^°'^ is the separated completion of with 
respect to the descending filtration F'Ai^"''', where for every i G Z, F'^M.'s'"'^ is the 
subgroup of generated by the elements of the form (X)Lg with X a separated 

S -scheme of finite type and j an element of such that 

dim(X/S') +i <~i 

Here dim(X/5) denotes the relative dimension of X over S. 

If S" = Spec A for some Noetherian ring A, then we also write /^'', KolyarA): 
La, MJ°'^ and instead of if, KoiVars), Ls, M'g"'^ and M'§°'^. 

Let S" be a Noetherian scheme, X a separated 5-scheme of finite type, and C 
constructible subset of X. We can write C as a disjoint union of locally closed 
subsets Ci, . . . ,Cr oi X . If we endow Ci with its reduced induced structure, for 
every i, then the class \C] of C in Ko{Vars) is defined by 

[c] = [Ci] + . . . + [a] 

This definition does not depend on the choice of Ci, . . . , C^. We denote by (C) the 
image of [C] in Ko(Vars). 

Proposition 3.3. If S is a Noetherian scheme over Q, then I'ii^ is the zero ideal, 
and the projection 

KoiVars) ^ KoiVars) 

is an isomorphism. 
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Proof. This follows immediately from Proposition 13.11 and the scissor relations in 
the Grothcndieck ring KQ{Vars)- □ 

If S is not a Q-scheme, we do not know if /^'' is different from zero. If S is the 
spectrum of a field F of positive characteristic, then Ig'^ is trivial if and only if 
Question 11.21 in the introduction has a positive answer. 

3.2. Base change and direct image. The definitions of the modified 
Grothcndieck ring Ko{Vars) and its localization A^™°'' are compatible with base 
change and direct image. If / : T — > 5 is a morphism of Noetherian schemes, then 
there exists a unique ring morphism 

/* : KoiVars) ^ KoiVarr) 

such that f*{X) = {X Xs T) for every separated S'-scheme X of finite type. It 
localizes to a ring morphism 

If 5 : 5* — !■ J7 is a separated morphism of finite type between Noetherian schemes, 
then there exists a unique morphism of abelian groups 

gi : Ko{Vars) KoiVaru) 

such that for every separated S'-scheme X of finite type, we have g\{X) = {X\ij) 
(here X\ij denotes the J7-scheme obtained by composing the structural morphism 
X —t S with the morphism g). Moreover, there exists a unique morphism of abelian 
groups 

such that 

gi{X)Vs) = {X\u)Vu 
for every separated S'-scheme of finite type X and every integer i. 

3.3. Fibrations. 

Lemma 3.4. Let S be a Noetherian scheme, and let X, Y and Z be separated 
S-schemes of finite type. Let f : X ^ Y be a morphism of S- schemes, and assume 
that for every perfect field F and every morphism of schemes Spec F ^ Y , there 
exists a universal homeomorphism of F -schemes 

X xySpecF ^ Z xsSpecF 

Then 

(X) = (Y) ■ {Z) 

in Ko{Vars) . 

Proof. By Noetherian induction, it is enough to find a non-empty open subscheme 
U oiY such that 

{X Xy U) - {U) ■ {Z) 

in K^iy ars) . We may assume that Y is affine and integral. We denote by B the 
ring of regular functions on Y . Let F be the perfect closure of the function field 
Frac{B) oiY. We know that there exists a universal homeomorphism of i^-schemes 

g : X Xy Speci^ Z xs SpecF 
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The B-algebra F is the direct Hmit of its finitely generated sub-i?-algebras. 
Hence, by [2| 8.8.2 and 8.f0.5], there exist a finitely generated sub-i?-algebra B' of 
and a universal homeomorphism of iJ'-schemes 

g' -.X xy Specs' ^ Z xs SpecB' 

such that g is obtained from g' by base change from Spec B' to Spec F. 

Since Spec B' Y is purely inseparable over the generic point of Y, and the 
generic point of Y is the projective limit of the dense open subschemes of Y, it 
follows from 2, 8.10.5] that there exists a dense open subschema U oiY such that 

Specs' XyU 

is a universal homeomorphism. 

Looking at the diagram of universal homeomorphisms of separated iS-schemes of 
finite type 

X Xy (Specs' Xy U) -12^11^ z xg (SpecS' xy U) 



XxyU ZxsU 

we find that 

{X Xy U) = {U) ■ {Z) 
in KQ{Vars). □ 

3.4. The Grothendieck ring of the theory AFCp- The modified Grothendieck 
ring arises naturally in the setting of model theory. Let F be a field, and denote 
by ACFp the theory of algebraically closed fields over F in the language of 
i^-algebras. 

Recall that formulas in Cp consist of quantifiers and Boolean combinations of 
polynomial equations with coefficients in F. For every formula (p{xi, . . . , Xn) in Cp 
and every _F-algebra A, we denote by S^{A) the subset of A"^ defined by (p. 

We say that two formulas (p{xi, . . . , Xm) and ipiuii ■ ■ ■ i Un) in t~-F are ACFp- 
equivalent, if there exists a third formula ri{xi, . . . ,Xm,yi, ■ ■ ■ ,yn) such that, for 
every algebraically closed field L that contains F, the set Srj^L) C is the 

graph of a bijection between S^{L) C L"* and S^{L) C L". We say that i] defines 
an ^C-pF-equivalence between ip and ip- 

Definition 3.5. Let F be a field. The Grothendieck group Ko(ACFf) of the theory 
ACFp is the quotient of the free abelian group on AC Fp -equivalence classes [(p] of 
formulas p in Cp, by the subgroup generated by elements of the form 

[^Ai;] + [p\/^]~ [p] ~ [ij] 

where p and ip are formulas in Cp with the same sets of free variables. 

We endow Ko(ACFp) with the unique ring structure such that, for all formulas 
p> and Ip in Cp in disjoint sets of free variables, we have 

[p] ■ [ij] ^[pAij] 



m Ko{ACFp). 
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The unit for the muhipHcation in Ko{ACFf) is the class of the formula ip = 
(0 = 0). For every F-algebra A, this formula defines the set S'^(A) = A" = {pt}. 

If n is an element of N, and ix '■ X ^ Ap is an immersion of F-schemes, then 
there exists a formula ip{xi, . . . , Xn) such that 

S^{L) = X{L)C L" 

for every field L that contains F. We call such a formula ip an ix-formula. It is 
not unique. If F is a quasi-affine i^- variety, then we say that a formula ijj in Cp is 
a y-formula if it is an iy-formula for some immersion iy '■ Y A™, with m G N. 
Again, such a F-formula is not unique, but its class in Ko{ACFp) only depends 
on Y, and not on the choice of the immersion or the formula ijj. 

Lemma 3.6. Let F be a field. Let m and n be elements of N, and let C and D 

be constructible subsets of A™, resp. A^. Assume that there exists a formula 
r]{xi, . . . ,Xm,yi, ■ • ■ ,yn) in I^f such that, for every algebraically closed field L 
containing F, the set 

Sr,{L) c 

is the graph of a bijection between C{L) c L'^ and D{L) c L". Then we have 

{C) = {D) 

in Ko{VarF)- 

Proof. By quantifier elimination relative to ACFp, there exists a unique 
constructible subset E of A^"*"" such that 

Sr^iL) = E{L) c 

for every algebraically closed field L that contains F. It suSices to show that 
(C) = {E) in Ko{VarF). We denote by 

TT : A™+" ^ A™ 

the projection onto the first m coordinates. By Noetherian induction on C, it is 
enough to prove that there exists a non-empty open subset U of C such that U is 
locally closed in A^, V = Tr~^{U)r\E is locally closed in A^"*"", and the morphism 

V ^ U induced by tt is a universal homeomorphism if we endow U and V with the 
reduced induced structure. 

We may assume that C is irreducible and locally closed in A^, and we endow 
C with its reduced induced structure. Let E' be an integral subscheme of A™"*"" 
whose support is contained in E and such that the morphism n' : E' ^ C induced 
by TT is dominant. Then n' is a quasi-finite morphism of F-varieties. Hence, there 
exists a non-empty open subset U of C such that, putting V = E' Xc U, the 
morphism ^ ^ J7 is finite and surjective. Surjectivity implies, in particular, that 

V = Eri'K~^{U). It follows from our assumptions that V ^ U is purely inseparable, 
so that it is a universal homeomorphism. □ 

Proposition 3.7. Let F be a field. There exists a unique ring morphism 

a : KoiVarp) -> Ko{ACFp) 

such that, for every quasi-affine F-variety X , the image of [X] under a is the class 
in Kq{ACFf) of an X -formula ipx- 
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The morphism a is surjective, and its kernel equals Ip^, so that a factors through 
an isomorphism 

KoiVarp) ^ KoiACFp) 

Proof. Uniqueness if clear, since the classes of affine F- varieties generate the 
Grothendieck ring KolVarp)- So let us prove the existence of a. 

We define the Grothendieck ring KoiQAffp) of quasi- affine F- varieties as 
follows. As an abclian group, Ko^QAffp) is the quotient of the free abelian group 
on isomorphism classes [X]' of quasi-affine F- varieties X by the subgroup generated 
by elements of the form 

[X]'-[Y]'~[X\Y]' 

with X a quasi- aSine F- variety and Y a closed subvariety of X. We endow 
Ko{QAffF) with the unique ring structure such that for all quasi-affine F- varieties 
X and Y, we have 

[X]' -[Y]' =[iX XpYUd]' 
It follows easily from the scissor relations in the Grothendieck ring that there is 
a unique morphism of abelian groups 

(3 : KoiQAffp) ^ KoiVarp) 

that maps [X]' to [X] for every quasi-affine F- variety X, and that f3 is an 
isomorphism of rings. It is also straightforward to check that there exists a unique 
ring morphism 

a' : KoiQAffp) ^ K^iACFp) 
that maps [X]' to [<fx] for every quasi-affine F-variety X, where (fx is an X- 
formula. We can define a as a' o (3~^. 

Now, we show that ker{a) contains the ideal Ip^. Let f : X ^ Y he a. universal 
homeomorphism of F- varieties. We choose a partition {Yi, . . . ,Yr} oiY into locally 
closed subsets, and we endow Yi with its reduced induced structure, for each i. We 
may assume that Yi is affine for every i. If we put Xi = {X Xy Yi)red, then the 
morphism Xi — > Fj is a universal homeomorphism, Xi is affine, and we have 

[X] = i^^Xi] 

i=l 

[y] = E[^i] 

i=l 

in Ko{VarF)- So it is enough to prove that cx{[X] — [Y]) = Oif/:X— >yisa 
universal homeomorphism of affine F- varieties. We denote by the graph of / 
in X XpY, and we choose closed immersions ix ■ X ^ A™ and iy ■ Y ^ A^, 
with m, n € N. These induce a closed immersion ij : Fj A™+". If we choose 
an ix- formula ipx, an i-j^-formula ipy and an ^/-formula (pf, then (pf defines an 
^CFp-equi valence between tpx and (py, so that q;([X]) = a([F]). 
Hence, the morphism a factors through a ring morphism 

7 : KoiVarp) ^ Ko{ACFp) 

We'll show that it is an isomorphism by constructing its inverse. If ip{xi, . . . , Xm) 
is a formula in Cp, then by quantifier elimination relative to ACFp, there exists a 
unique constructible subset of A^ such that, for every algebraically closed field 
L that contains F, the subsets S^{L) and C^{L) of coincide. It follows from 
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Lemma [3.61 that the class (Ci^) of Cip in KQ{VarF) only depends on the ACFp- 
equivalence class of ip. It is easily seen that there exists a unique ring morphism 

5 : KaiACFp) KaiVarp) 

that maps [ip] to [Ctp] for every formula ip in Cf- This ring morphism is inverse to 
7. □ 

4. Compatibility with realization morphisms 

In this section, we'll prove that the realization morphisms from Section [2] factor 
through the modified Grothendieck ring. 

Proposition 4.1. Let S be a Noetherian scheme, and let X and Y be separated 
S -schemes of finite type such that there exists a universal homeomorphism of S- 
schemes 

f : X 

We denote by gx and gy the structural morphisms from X , resp. Y , to S . 

(1) If S is the spectrum of a finite field F , then X{F) and Y{F) have the same 
cardinality. In particular, the point counting realization 

« : KaiVarp) Z 

factors through a ring morphism 

H : K^iVarp) ^ Z 

(2) Let i be a prime invertible on S . The natural morphism 

in D^{S,Qi) induced by f is an isomorphism. In particular, the etale 
realization 

et : KoiVars) Ko{Dl{S,Qe)) 
factors through a ring morphism 

et : KoiVars) ^ Ko{D'^{S,Qi)) 
which localizes to a ring morphism 

(3) // F is a field, and £ a prime number invertible in F, then the Galois 
realization 

Gal : KaiVarp) ^ Ko{RepG^Qe) 
factors through a ring morphism 

Gal : KoiVarp) ^ KoiRepa^Qi) 
which localizes to a ring morphism 

Gal : MT" K^{RepGM) 

(4) The Poincare polynomials P{gx) '■ S — > Z[T] and P^gy) ■ S — > Z[T] are 
equal. In particular, the Poincare realization 

Ps:Ko{Vars)^C{S,Z[T]) 

factors through a ring morphism 

Ps:Ko{Vars)~^CiS,Z[T]) 
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which localizes to a ring morphism 

Ps :7Wg""^^C(5,Z[r,T-i]) 
Proof. (1) Since / is a universal homeomorphism and F is perfect, the map 

f{F) : X{F) Y{F) 

is a bijection. 

(2) By Grothendieck's spectral sequence for the composition of the functors 
fi. = /* and {gY)\, it suffices to show that 

(4.1) mi = Qe, 

(4.2) R'MQi) = Oforj>0. 

The isomorphism (|4.1|) follows immediately from the fact that / is a universal 
homeomorphism. The equality (j4.2p follows from finiteness of /. 

(3) This is a special case of point (2). 

(4) By definition of the Poincare polynomial [3 8.12], it is enough to consider 
the case where S is the spectrum of a field F of characteristic p > 0. By 2, 8.8.2 
and 8.10.5], there exist a finitely generated sub-F^-algebra A of F, and a universal 
homeomorphism 

/' : X' -> Y' 

of separated A-schemes of finite type, such that f : X ^ Y is obtained from /' by 
base change from Spec A to S — Spec F. We denote by gx' and the structural 
morphisms from X' and Y' to Spec A. 

If we denote by 77 the generic point of Spec A and by K{r]) its residue field, then 
the Poincare polynomial P{gx), resp. P{gY), is equal to the Poincare polynomial 
of the separated K(77)-scheme of finite type X' Xa '«(??), resp. Y' Xa ^(r?) |7l 8.12]. 
Since P{gx') and P{gY') are constructible functions on Spec A T, 8.12], it suffices 
to show that their values coincide at all closed points of Spec A. Hence, we may 
assume that F is a finite field. In this case, the result follows immediately from 
point (2) , by definition of the Poincare polynomial of a variety over a finite field [7l 
8.1]. □ 

Corollary 4.2. If F is a field, then the etale Euler characteristic 

Xtop ■ KoiVarp) Z 
factors through a ring morphism 

Xtop : KoiVarp) Z 
which localizes to a ring morphism 

Xtop ■■ MT" ^ z 

5. MOTIVIC INTEGRATION IN MIXED CHARACTERISTIC 

In this section, we will fill a gap in the proof of the change of variables theorem for 
motivic integrals on formal schemes in mixed characteristic |11[ 8.0.5]. To this aim, 
it is necessary to replace the localized Grothendieck ring of varieties by the modified 
version introduced in Definition 13. 21 We emphasize that this correction only affects 
the theory of motivic integration in mixed characteristic; in equal characteristic 
p > 0, the results in [HI 7.1.3 and 8.0.5] are valid as stated. 
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Throughout this section, we denote by i? a complete discrete valuation ring of 
mixed characteristic with quotient field K and perfect residue field k. We put 
B — Spf R. An stft formal i?-scheme is a separated formal i?-scheme topologically 
of finite type. 

5.1. The change of variables formula. We consider a morphism of formal R- 
schemes h -.Y X , where X and Y are flat stft formal i?-schemes of pure relative 
dimension d. The proof of the change of variables theorem [TTl 8.0.5] is based on 
the following lemma [11] 7.1.3]. For terminology and notations, we refer to [llj . 

Lemma 5.1 ([llj. Lemme 7.1.3). Assume that the structural morphism y — > B is 
smooth. Let B C Gr{Y) be an m-cylinder, for some m £ N, and put A — h{B). 
Assume that e and e' are elements ofN such that ord7r(Jac);i((/3) — e for all ip G B, 
and A C Gr^'^ '(^)- Then A is a cylinder. 

Moreover, if the restriction of h to B is injective, then, for all integers n > 
max(2e + cx,rn + e), the following properties hold. 

(1) If If and Lp' belong to B and TTn,x{h{y^)) = T^n,xihif')), then 7r„_e,y(<y5) = 
nn-e,Y{v'), 

(2) We have [7r„,y(B)] = [iTn,x{A)]h<' m KoiVark)[h-^]. 

Recall that, for every n G N and every stft formal i?-scheme Z, Grn{Z) denotes 
the level n Greenberg scheme of Z [11] §3]. The proof of point (2) in [llj 7.1.3] 
only computes the fibers 

Gr„(r) >^Gr^{x) SpecF 

when _F is a perfect field containing k and Speci^ — > Gr„(X) a morphism of k- 
schemes. Indeed, only when F is perfect, we can identify the set Gr{X){F) with 
the set X{Rp), where 

Rf = R^w{k)WiF) 

is a complete discrete valuation ring that is an unramificd extension of R. Then 
the proof of [ill 7.1.3] shows that there exists an isomorphism of F-schemes 

Gr„(y) XGr„{x) SpecF = Ap 

so that we can deduce from Lemma [3.41 that 

= (7r„,x(A))L^ 

in K(){Vark). However, we cannot conclude that the equality in point (2) of Lemma 
15.11 holds. Therefore, we have to replace Lemma [Ql bv the following statement. 

Lemma 5.2 (Corrected form). Assume that the structural morphism Y ^ is 
smooth. Let B C Gr(Y) be an m-cylinder, for some m £ N, and put A — h{B). 
Assume that e and e' are elements ofN such that ordTr(Jac)/i((y5) — e for all ip d B, 
and A C Gr^'' H^)- Then A is a cylinder. 

Moreover, if the restriction of h to B is injective, then, for all integers n > 
max(2e + cx , rn + e) , the following properties hold. 

(1) If If and (p' belong to B and T^n,x{h{^)) = T^n,xihif')), then 7r„_e,y((p) = 

(2) We have (^„,y(B)) = (7r„,x(A)}L'= m Ko{Vark). 
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The statements in [TTl 8.0.3] and ^H, 8.0.5] (change of variables theorem) have 
to be modified accordingly, replacing the completed Grothendieck ring AA^ by the 
completed modified Grothendieck ring A^™°'^. 

We emphasize that we do not know a counter-example to the original statement 
in Lemma |5.1[ since we do not know if the projection morphism 

KoiVark) ^ MVark) 

is an isomorphism. 

5.2. Integration on rigid varieties and the motivic Serre invariant. If R 

has mixed characteristic, the modification of the change of variables theorem in [TTl 
8.0.5] also affects the theory of motivic integration on rigid i^- varieties developed in 
[5]. Theorem-Definition 4.1.2 in j5j should be replaced by the following statement 
{only in the mixed characteristic case; in equal characteristic p > 0, all the results 
in [5] are valid as stated). For terminology and notations, we refer to jSj. 

Theorem-Definition 5.3. Let X be a smooth separated quasi-compact rigid 
variety over K, of pure dimension d. Let ui be a differential form in ^^^{X). 

(1) Let X be a stft formal R-model of X. Then the function oidj^^xi^) is 
exponentially integrable on Gr{X) and the image of the motivic integral 

I h~°"^^'''^'^^d^i 

JGr(X) 

in A^™""^ does not depend on the model X . We denote it by md^. 

(2) Assume moreover that ui is a gauge form, i.e., that it generates fl'j^ at every 
point of X , and assume that some open formal subscheme ^ of X is a weak Neron 
model of X . Then the function oid^ x{^) takes only a finite number of values on 
Gr{X), and its fibres are stable cylinders. The image of the motivic integral 

[ L-°'"^''^^^'^^dfi 

JGriX) 

in Ai™""^ does not depend on the model X . We denote it by J-^ ujdp,. 

If R has mixed characteristic, the definition of the motivic Serre invariant O 
4.5.1 and 4.5.3] has to be modified accordingly. 

Theorem-Definition 5.4. Let X be a smooth separated quasi-compact rigid K- 
variety, and let ^ be a weak Neron model of X . The class 

{%) e Ko{Vark)/{lk - 1) 

of the special fiber of ^ only depends on X , and not on the choice of weak 
Neron model. We denote it by S{X), and we call it the motivic Serre invariant of 
X. 

5.3. Further corrections to the literature. The theory of motivic integration 
on formal schemes and rigid varieties in mixed characteristic has been applied 
in several other articles. All of them can easily be corrected, replacing the 
Grothendieck ring of varieties by the modified Grothendieck ring of varieties. This 
is harmless for the applications of the theory, since all the realization morphisms 
that are used factor through the modified Grothendieck ring (see Section Let us 
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indicate some of the changes that should be made {only in the mixed characteristic 
case; in equal characteristic p > 0, all the results are valid as stated). 

In [S] 4.18], the last two lines of the statement should be replaced by: 
". ..(7r„(B)) = (7r„(A))L5f^ in KaiVarx^ ■ In 8, 4.19], the ring Mx, should 
be replaced by Mx""^, and in |8i 4.20(2)], the ring Mx, should be replaced by 
M'^f. Likewise, in [H §6], the Grothendieck rings have to be replaced by their 
modified analogues. In particular, the motivic Serre invariant of a generically 
smooth stft formal i?-scheme Xqo of pure relative dimension [8, 6.2] is well-defined 

in KoiVarx J /{lx^-{Xs)). 

In [9, §3.2], the various Grothendieck rings should be replaced by the modified 
Grothendieck rings. The trace formula in 9, 5.4] remains valid, because the ^-adic 
Euler characteristic factors through the modified Grothendieck ring fCorollarv l4.2p . 

In [TOl § 5] , the various Grothendieck rings should be replaced by the modified 
Grothendieck rings. 

In Sections 4 and 5.3 of [6], the various Grothendieck rings should be replaced 
by the modified Grothendieck rings. The trace formula in pi 6.4] remains valid, 
because the £-adic Euler characteristic factors through the modified Grothendieck 
ring fCorollarv l4.2p . 

In [71 §5], in particular in Theorem 5.4 and Definition 5.5, the motivic Serre 
invariant should take its values in KQ{Vark)/QL'k — !)■ The results in Sections 6 
and 7 of [7] remain valid, because the Poincare polynomial and the ^-adic Euler 
characteristic factor through the modified Grothendieck ring (Proposition I4.ir 4) 
and Corollary 14. 2p . 
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